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Pauli Hamiltonians with first-order relativistic corrections according to Foldy and 
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theory. The results include a proof of first-order spectral concentration in the 
non-relativistic limit and a characterization of first-order pseudoeigenvalues by 
means of formal perturbation theory. 1% 1985 Academic PRESS, IX 
1. INTRODUCTION 
Consider the following problem in perturbation theory: given a self- 
adjoint operator H,, on some Hilbert space A?’ and a perturbation Hi such 
that H, = Ho + &HI is a family of self-adjoint operators converging in the 
strong resolvent sense to H,, as E + 0, it may happen that the spectrum of 
Ho is changed drastically as soon as the perturbation HI is “switched on.” 
For example, a discrete spectrum may become continuous so that there is no 
perturbed eigenvalue in any neighbourhood of an eigenvalue A, of Ho. The 
most prominent example of this type is the Stark effect (cf. Refs. [l, 21 and 
the literature cited therein). In that case H,, describes the hydrogen atom 
and HI a homogeneous electric field. It is well known that the perturbed 
spectrum is purely continuous and covers the entire real axis. Nevertheless, 
spectroscopically one detects sharp lines, and their location can be accu- 
rately evaluated by formally applying the Rayleigh-Schriidinger perturba- 
tion theory. These facts were first explained by Titchmarsh [3], who intro- 
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duced the notion of spectral concentration. This concept was further devel- 
oped by Riddell [4] (cf. also ref. [5]), who established the equivalence of 
spectral concentration with the existence of pseudoeigenvectors describing 
resonant states with long lifetime being physically indistinguishable from 
bound states. The energies of these resonances are given by pseudoeigenval- 
ues calculated with the help of formal perturbation theory [6-111. Further 
applications of spectral concentration are treated in Refs. [l, 7, 12-141. 
The purpose of this paper is to provide another physical example of this 
mathematical concept: it is the problem of calculating relativistic effects on 
atomic bound states by adding first-order relativistic corrections to Pauli 
operators H, (cf. Eq. (2.2)) and then applying first-order perturbation 
theory [15-181. According to Foldy and Wouthuysen [15], one obtains such 
corrections from a formal expansion in powers of l/c2 of an operator which 
is unitarily equivalent to the Dirac operator. These first-order expressions 
are widely accepted because they can be physically interpreted in a very 
natural way [15-181. Moreover, for the pure Coulomb problem, first-order 
perturbation theory yields the correct expansion of the exact Dirac eigen- 
value up to order l/c2 [17, 181. Similar corrections are also obtained from 
the Breit equation for two electron atoms and are used to calculate relativis- 
tic corrections to bound state energies which are in best agreement with 
experimental results [18]. 
In Section 2 we investigate the Pauli operator (2.2) for static electromag- 
netic interactions V, A, E S(lw3) and its relativistic corrections are defined 
in (2.3). (The treatment of the special case A = 0 and I’ spherically 
symmetric also includes the Coulomb interaction which gives rise to ex- 
tremely singular relativistic perturbations.) It is shown that the relativistic 
perturbation converts the discrete spectrum of H, into a continuous one 
extending from - 00 to c2/4 thus changing lower into upper semibounded- 
ness. Our main results are contained in Section 3, where we prove first-order 
spectral concentration at the pseudoeigenvalues calculated from first-order 
perturbation theory. The Appendix gives a short summary of the notions of 
spectral concentration. A short outline of our results appeared in Ref. [19]. 
2. FIRST-ORDER RELATIVISTIC CORRECTIONS 
In this section we introduce first-order relativistic corrections to the Pauli 
Hamiltonian of a spin 4 particle in the presence of external fields V(x), A(x). 
Instead of deriving such a first-order correction from first principles (i.e., 
directely from the Dirac equation) we adopt its structure according to 
physical considerations such as the Foldy-Wouthuysen transformation 
[15-181 and discuss the mathematical as well as the physical consequences. 
In order to be able to concentrate on the main topics, we avoid any 
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technicalities and subtleties regarding operator (form) domains, etc., and 
thus assume 
I/, A, E stw3), k = 1,2,3, (2.1) 
S(R3) being the Schwartz space. 
Taking &‘= L2(R3) @ C * as the underlying Hilbert space, the Pauli 
Hamiltonian H, is given by (A = 2m = e = 1) 
H,= [(-iv -A)@a]*+ V@l,L@(H,)=9((-A)@l), (2.2) 
where uk, k = 1,2,3, denote the Pauli matrices [16]. The first-order relativis- 
tic correction H(c) is then defined as [IS, 161 
H(c)=H,-$([(-iv -A)@o]~-[(ok’)&iv -A)]@a 
- ;(AV) @ l}, 9(H(c)) = .9((-A)’ @ l), 
c > 0. (2.3) 
Remark 2.1. Usually A(x) appears with a factor l/c in front which we 
have kept constant in order to avoid the vanishing of the external magnetic 
field in the non-relativistic limit. Therefore, in contrast to some textbooks, 
A(x) is still contained in the l/c2 terms of (2.3). 
Regarding characterizations of I?, and H(c) we state 
THEOREM 2.1. Let V, A, E S(R3), k = 1,2,3. Then H, on 9(H,) = 
9((-A) @ 1) and H(c) on ~(H(c)) = 9((-A)2 @ 1) are self-adjoint. 
Moreover, H, is bounded from below whereas H(c) is bounded from above. 
In addition, we have 
me,, = [O, 00) (2.4) 
and 
u&H(c)) =(-~*/4]. (2.5) 
Proof: Self-adjointness, boundedness from below of H,, and (2.4) fol- 
low from (2.1) and relative compactness arguments [6]. Self-adjointness of 
H(c) follows from the infinitesimal boundedness of all relevant terms in 
(2.3) with respect to (-A)’ 0 1. Moreover, all terms except [(-iv - A) @ 
a] 2, [( - iv - A) @ u14 are infinitesimally bounded with respect to -A 0 1 
and also relatively small at infinity against -A @ 1 (i.e., they are -A @ 1 
compact [20, 211). This proves 
(I ,,,(H(c)) =o,,,([(--iv -A) @a]*- $[(-iv --A) @o14). 
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o,,,([(-iv -A) @a]*) = u,,,(-A) = [O,ca) 
we obtain (2.5). Boundedness from above is due to the negative sign in front 
of [(-iv - A) 8 a14. 
Remark 2.2. Although from a physical point of view, relativistic correc- 
tions to quantities like bound state energies, etc., are generally expected to 
be small, the “perturbation” -l/c*{ . . . } in (2.3) is actually a very large 
one. Contrary to regular perturbation problems the “unperturbed” Pauli 
Hamiltonian H, is infinitesimally small against its perturbation and, due to 
different signs in front of [( - iv - A) 8 a] * and [( - iv - A) 8 u14, lower 
semiboundedness is turned into upper semiboundedness. Consequently, as 
soon as the perturbation is switched on, the spectrum changes drastically-a 
fact which points towards the phenomenon of spectral concentration. 
Remark 2.3. (a) We expect H, and H(c) to have only finitely many 
discrete eigenvalues in ( - cc, 0) respectively in (c*/4, cc). Note, however, 
that discrete eigenvalues of H(c) in (c*/4, cc) have no physical significance 
since in the energy regime E > c2/4 relativistic corrections are by no means 
small and in addition these eigenvalues escape to + cc in the non-relativistic 
limit (E,(c) = c*/4 + o(c*)). 
(b) Inequalities of the type [6, 221 
and [23] 
(2.6) 
(2.7) 
together with the results of Ref. [20] are useful in extending Theorem 2.1 to 
a larger class of external potentials V(x), A(x). 
Remark 2.4. Regarding the limit c + cc of the Dirac Hamiltonian 
HD(c) in L2(W3) @ C* Q C*, 
B(HD(c)) = 9(-iv 8 l), 
HD(c) = c[(-iv - A) c3 a] + $ Q /3 + T/c3 1, 
(2.8) 
where OLD, j? are the usual Dirac matrices [16], we note that, under assump- 
tions much more general than (2.1), (HD(c) - mc* - z)-‘, Im z # 0, is 
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holomorphic in c-l around c-l = 0 and that [24] 
n- lim ( HD( c) - mc* - .z)-’ 
c-+m 
=(H,-z)-‘a(: ij, Imz#O. 
(2.9) 
Strong continuity of the unitary group ei(H~(c)-mc2)r in the limit c + cc is 
proved in Ref. [25]; strong continuity of the associated scattering operators 
has been derived in Ref. [26] (cf. also (27, 281). 
We next turn to the special case A = 0 and V spherically symmetric. 
Actually we shall consider more general systems including the Coulomb 
potential y/lx]. Consequently, H, now reads 
-A + & + v,(]x]) 8 1, 1 g(H,) = 9(-A), Y E R, 
(2.10) 
where the short-range interaction V, again fulfills 
v, E S(R3). (2.11) 
Clearly, H, is self-adjoint. Decomposition with respect to angular momenta 
yields 
A?= P(R3) 0 c* z LJ((o, co); r%) Q L?(P) 63 62 
M (2.12) 
= CEI @ 3E4.K 
/=o KEZ, 
where 
z,= {A- 1,1} ifl#O, z,= (-1) 
-q-,-l = L2((0, cc); r2dr) 
@Iin. span{ *z1,21m, = -(I + $) ,..., (I + +)} 
ti,,, = L2((0, cc); Air) 
@lin. span{ +,??1,21mj = -(I - +) ,..., (l - +)} (2.13) 
3P 0,-l = L*((O, Co); r*dr) 8 lin. span{ ‘k;“i,lmi = - +, t}, 
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and where qjml are the spinor spherical harmonics defined by 
\k;n+‘l,2(w) = (21+ 1)-1’2 
I 
(2.14) 
\k;ll-/1,2(w) = (iZ + 1)-1’2 
I 
-(I - mj + f)1’2y/“l-l/2(W) 
’ 
0 E s2. 
If L, 0 1,l 8 ok/2, Jk = L, @ 1 + (1 @ a,/2), k = 1,2,3, denote the 
orbital angular momentum, spin, and total angular momentum, respectively, 
we have 
CL2 QD 1)*31,2 = Z(Z + 4*;;,,,,, (1 @ ~2)4Y$1,2 = 3V&,2, 
J2’k”J 1+1/2 = ([ AZ i)(Z + i + 1)*2,,2, J3*,31,2 = mj\k;lr’l,2, 
since 
L@cr=J’-L2@l-(l@u2/4) 
(L 8 4*&,2 = -6 + W&,2? 
-Z-l for+ 
K= 
Z for - ’ 
Therefore, after unitary transformation U from L2((0, co)) onto 
L2((0, co); r2dr) we get 
H, = ; Uh,,,U-’ 8 1 
I=0 
and H(c) is defined as 
H(c) = ; @ Uh,,,(c)U-’ @ 1, 
I=0 KEZ, 
where 
h m., = h, + 5 + K/,(r), Wca,,,) = W,), 
(2.15) 
(2.16) 
z = O,l;**, 
(2.17) 
h,.,(c) = L,, -$ h: 4 [ 
(2.18) 
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Here h,, I 2 0, represents the free Hamiltonian, i.e., h, is defined as the 
Friedrichs extension of 
d2 + m + 1) -- ____ 
dr2 r2 C?((O. m)) 
in L2((0, co)) and 
hf 4 (-Y>(K + 1) 
r3 
denotes the form sum [6, 22, 291 of hf and ( - Y)(K + l)/r3. For I = 0, due 
to the “Darwin term” (Au/r) in H(c), ho, _ r( c) contains a point interaction 
(8 interaction) centered at the origin. Consequently, in contrast to the case 
1 2 1, h, -r(c) is defined as a particular self-adjoint extension of 
different from the Friedrichs extension [30, 311. 
We summarize some properties of H,, h m, ,, H(c), and h,,.(c) defined 
according to (2.10) (or (2.15)), (2.16)-(2.19) in 
THEOREM 2.2. H,, h,,,, I 2 0, H(c), and h,,,(c), I 2 0, are self-adjoint 
and 
ue,,(H,) = dh,,,) = 10, cd, 12 0, (2.20) 
ue,,(H(c)) = dh,,,(c)) = (- 00, cji]y 12 0. (2.21) 
Moreover, H,, h,,, for 12 0 are bounded from below whereas H(c) and 
h,,,(c) are bounded from above. In addition, UJ H,) (the discrete spectrum 
of H,) and u~( h,, /), 1 2 0, are finite if y 2 0 and consist of injinitely many 
(negative) eigenvalues if y < 0. If y > 0, UJ H(c)) and ud(h,,,(c)), 1 2 0, 
consist of injinitely many eigenvalues in (c2/4, co), if y I 0, u,(h,,,(c)), 1 2 
0, is finite. 
Proof: Self-adjointness, boundedness from below of H,, h,+ 1 2 0, 
and (2.20) follow by relative compactness arguments, The partial wave 
version of (2.7), namely 
(~(l+l,-~)ll~~llLl(h,gll, g-(h,),lk 1, (2.22) 
proves that l/r3 is infinitesimally form bounded with respect to hf and 
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hence - [h: 4 (- y)(~ + l)/r3], 1 2 1, defines a self-adjoint operator 
bounded from above. Self-adjointness and boundedness from above of 
h,,,(c), I> 1, then follow from 
. pi (-Y>(K+l) +x -“* --, o 
r3 I !I x+00 ’ 
(2.23) 
In fact, using (2.22) and 
g E ~~h~‘2~, I2 0, (2.24) 
it is possible to prove that h,,,(c), I r 1, are bounded from above uniformly 
in 1. 
Next we note 
By (2.22) and (2.24), and 
the second factor in (2.25) is bounded. Explicit c~culation of the kernel of 
(h, - I,/c’h~ - z)-’ in terms of BesseI functions proves that rm3/*(h, - 
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(l/c2)hf - z)-’ is trace class, implying 
by Weyl’s theorem [7]. Thus 
12 1, 
using relative compactness arguments for the remaining terms involving 
y/r, V,, V,’ and K”. 
For I = 0 self-adjointness, boundedness from above, and u,,,(h,, -1(c)) = 
(- cc, c2/4] follow from the fact that it, -i(c) has finite deficiency indices 
and the Friedrichs extension h: _ 1 of iz ,,, _ I has a,,,( h c _ 1( c)) = ( - co, c2/4] 
and is bounded from above. This proves (2.21) and the upper boundedness 
of H(c). The statements regarding UJ H,), u,(h, ,), 1 2 0, follow by 
Birman-Schwinger arguments and the min-max principle [7]. To prove the 
assertions about ud( h,+,(c)) we introduce a unitary scaling transforma- 
tion UC 
@p)(r) = c-14+/c) (2.26) 
which transforms the eigenvalue equation 
h,,,(c)* = E,,,(c)‘C 12 1, (2.27) 
into 
(h, - +)’ - 2 - 5 - f<(f) 
-&T/t L ( )I 2c4 s c 4) =E,.h)+? 12 1, (2.28) 
where 
E,,.(C) = -c-2E,,K(c) + a, I2 1. (2.29) 
If y > 0, we introduce the set of orthogonal functions { +44”R(r)};=0 
&/4”R) 
+4n,(d = r1’24+1,2(2-1’2r) 4nR y 1 2 1, R > 0 suitably, 
i 
0, rrl, 
g E Gwl4)~ g(r) = 1, 2 5 r5 3, I (2.30) 
0, r 2 4, 
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where J,(z) denotes the Bessel function of order v [32]. Since, for all 
O<&<l 
--Y(K + 1) 
cr3 
- -&(r/c) + +(/cc) - -+(r,c,] I x, 
c 
if r 2 R, R large enough, we obtain 
(c#14nR,[(h,-f)i-j(~+~) 
- -$ <(r/c) + k V(r/c) - & V,‘Tr/c> +44”~ 1 1 
5 (~4”n,[(h,-~)2-Y(~~~)]Q”,)d~+~-~i0 
if R is large enough (cj > 0, j = 1,2,3). By the min-max principle, (2.28) 
has infinitely many negative eigenvalues E,,.(C), 1 > 1. The corresponding 
statement for I = 0 follows by looking at the Friedrichs extension h [ _ r( c) 
of iz,, -r(c). 
Next we discuss the case y -C 0. From 
llQ412 = ~m~+W12 
and 
+ 21(1+ 1) 
r* le912 + 
1(1+ 1)(1+ 3)(1- 2) 
r4 
IW I2 
we obtain (writing W(r) for the whole short-range part in Eq. (2.28) and 
substituting u(r) = +(r)/r) 
21(;+1)(+>[(h,-~)2+y~+~)+ w]o) 
2 lu’(r)l* + 
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By the min-max principle we conclude that the number of negative eigen- 
values of (2.28) is less than or equal to the (finite) number of bound states 
below energy t of the Schrijdinger operator with effective potential 
The case 1 = 0 (and y = 0) follows trivially along these lines. 
Remark 2.5. It is known that for interactions more singular than c/ ] x ] 
at the origin, the possibility of selecting a distinguished self-adjoint exten- 
sion of the Dirac operator restricted to CF(R3 \ (0)) is lost. But for ]y/ < c 
(V, E S(R 3), A = 0) one still has 
u ess(HD(c)) =( -a, -;I u[$-j 
(cf. refs. [33, 341). Consequently there is no need to discuss interactions V 
more singular than y/(x ] in H(c). 
3. SPECTRAL CONCENTRATION IN THE NON-RELATIVISTIC LIMIT 
In order to prove spectral concentration of H(c) at the (non-relativistic) 
discrete eigenvalues of H, we first investigate in what sense H(c) ap- 
proaches H, as c + cc. 
LEMMA 3.1. Let V, A, E S(R 3), k = 1,2,3. Then H(c) converges to H, 
in the strong resolvent sense as c + co 
s-C!imw(H(c) - z)-l = (H, - .z)-‘, Imz#O. (3.1) 
Proof. Since g(( - A)’ 8 1) is a core for H, and 
s- lim H(c)f = H,f, f l g((-A)” Q I), c+m 
(3.1) follows by a standard result [6,21]. 
Because of (2.4) and (2.5) strong resqlvent convergence cannot be re- 
placed by norm-resolvent convergence in (3.1). Our main result then reads 
(cf. the Appendix for basic notions in the context of spectral concentration) 
THEOREM 3.1. Suppose V, A, E S(R 3), k = 1,2,3. Let E,, < 0, n = 
1,2,. . . ) be the discrete eigenvalues of H, with multiplicities m,. Then the 
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negative spectrum of H(c) is concentrated to Jirst order on the union of 
intervals of length 0(1/c*) centered at the Jirst-order pseudoeigenvalues 
E,‘j)(c) = E, + l/c*E,(j), j = 1,. . . ,mn of H( c) 
s- lim PHcc, 
c-+m 
((-m,O+;l(E!j)(c) - o( $)J%) +o( $))I= 0. 
Here, PHcc, denotes the spectral projection associated with H(c) and the E,‘j), 
j = l,..., m n are computed by applying jirst-order perturbation theory. 
Proof. Let ( - cc, 0) = U R J,, where each J,, isolates E,. Then, applying 
the construction of Ref. [4] (see also [5]) the spectrum of H(c) contained in 
J,, is concentrated to first order on a union of intervals of length 0(1/c*) 
centered at the first-order pseudoeigenvalues E,?(c) of H(c) provided the 
eigenspace { t#$?}~:i of H, associated with E, is contained in 9(( - A)* 0 
1). But since 9( Hz) = .9(( - A)* 0 1) this condition is certainly fulfilled. 
Thus (3.2) follows. 
Remark 3.1. Clearly, second- and higher-order pseudoeigenvalues of 
H(c) have no physical meaning since, by definition, H(c) is a first-order 
relativistic correction to H,. Consequently, from a physical point of view, a 
proof of higher-order spectral concentration of H(c) is redundant. 
Next we again discuss the case of the vanishing external magnetic vector 
potential and a spherically symmetric interaction I/ of the type 
wxo = $ + v,(lxl), v, E S(R3), y E R. 
Concerning convergence of H(c), h,,,(c) to H,, h,,, as c tends to infinity 
we have 
LEMMA 3.2. Assume V, E S(W3). Then, in the non-relativistic limit c + 
bo, h,?,(c) converges in the strong resolvent sense to h,,,, 1 2 0, and thus 
H(c) converges in the strong resolvent sense to H, 
s- lim (h,,,(c) - z)-’ = (h,,, - .z)-l, 1 2 0, (3.3) c--too 
s-climW (H(c) - z)-l = (H, - I)-~, Imz#O. (3.4) 
Proof. Assume y # 0. If 1 2 1, CF((O, cc)) is a core for h,,, and also 
Com((O, cc)) c 9( h ,, J c)). Strong resolvent convergence then follows as in 
Lemma 3.1. If 1 = 0, one has to take care of the point interaction centered 
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at the origin. Since h,, -i(c) is a self-adjoint extension of A,,, -i (cf. (2.19)) 
and the latter has finite deficiency indices, the resolvent of h,, -r(c) differs 
from that of the Friedrichs extension hg _ i(c) of h, _ I only by a finite rank 
operator (cf., e.g., Ref. [30]), which strongly tends to zero as c --, cc. From 
the fact that .~@h,,,) c g(h[-i(c)) and 
we again conclude strong resolvent convergence in the case y # 0,l = 0. If 
y = 0 then 9(/z,,,) is a core for Z@(h,,,(c)) for all 12 0 and (3.3) follows. 
Since H(c) and H, are direct sums over h,,.(c) and h,,,, (3.4) follows. 
Finally we state 
THEOREM 3.2. Suppose V, E S(W3) and y z 0. Let E,,, -C 0, n = 
1,2,..., be the discrete (non-degenerate) eigenvalues of h,,, with corre- 
sponding eigenfunctions $,, and assume I 2 2. Then the negative spectrum of 
h,,,(c), I 2 2, is concentrated to first order on the union of intervals of Iength 
o(l/c2) centered at the first-order pseudoeigenvalues E,,,,%(c) = E,,, + 
Wc%,t,,,, of h,,,(c), i.e., 
= 0, I2 2. (3.5) 
Here, P,,, xCC) denotes the spectral projection corresponding to h,,,(c) and 
E,‘, ,, I( are ‘given by Jirst-order perturbation theory 
(3.6) 
Proof. Since #&r)r_=o O(r’+‘), we obtain c&, E 9(hT) n 9(l/r3) c 
a( h,, ,(c)) if I 2 2. Since a+priori negative eigenvalues of h, , are isolated 
and non-degenerate, E,‘, ,, L( is given by (3.6). The rest follows as in the proof 
of Theorem 3.1. 
Remark 3.2. (a) For I = 1 and y # 0, +,,i is only in the form domain of 
h,,,(c) (i.e., in Q(lhl,,(c)l’/2) = 9(h,)) and the above construction fails. 
In this case one has to look for alternative methods [e.g., Ref. [35]) obtaining 
spectral concentration of order lower than one. The case I= 0 is much more 
complicated due to the occurrence of an additional point interaction at the 
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origin. In this case one is forced to develop all arguments in terms of 
resolvents (cf. Theorem Al (III)) since those are more easily controlled than 
the Hamiltonians themselves. (b) A rigorous approach to relativistic correc- 
tions of bound state energies in terms of resolvents appeared in [36-381. 
APPENDIX 
We summarize the notions of spectral concentration and point out a 
natural formulation of that concept in terms of resolvents only. 
Let H, on SS(H,), E E [0, A], A > 0, be a family of self-adjoint operators 
in some Hilbert space &’ and assume that H, tends to H, in the strong 
resolvent sense as E + 0 
s-,~~o(He - z)-l = (Ho - z)-l, Imz#O. (A-1) 
Furthermore, let Q, I c W, 1, c I be Bore1 sets and denote by P,(Q) the 
family of spectral projections of H,, E E [0, A], associated with Q. We then 
note (cf. Refs. [l, 4-81). 
DEFINITION A.l. The part of the spectrum of H, in I is asymptotically 
in 1, or, equivalently, the part of H, in 1, is asymptotically the part of the 
spectrum of H,, in I if and only if 
s-ell_moPe(I\I,) = 0 (or equivalently if s- Iii0 P,( I,) = PO (I)). 
(A.4 
Next assume that X, E u,(H,) and J is a Bore1 set such that A, E J c I 
and a(Ho) n f = {A,}. If P, = C~lP~(~v), .)&) denotes the spectral 
projector of Ho corresponding to X, we state 
DEFINITION A.2. The spectrum of H, contained in J is concentrated to 
order p > 0 on Bore1 sets 0, c J if and only if 
and 
s-~lioPo(Q,) = PO (A.3) 
JiIIyp,1 = 0, (A.41 
where ( . ] denotes the Lebesgue measure on Iw. 
Given these definitions, we are able to state the main result [4-Q. 
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THEOREM A.l. Under the conditions described above, the following 
assertions are equivalent: 
(I) The spectrum of H, contained in J is concentrated to order p > 0 on 
sets St E = U$lpo(A(~) - o(@), X(j) + o(.G)). e E 
(II) There exist a set of unit vectors { @} and a set of real numbers 
{ A’,/)}, 1 s j I dim PO, such that 
liioOII( H, - h’,i+#$J’(j = 0, 1 <j<dimP, 
({ @) } is called an asymptotic basis of order p for P,(J); $$‘I, Xc,i) are called 
pseudoeigenvectors and pseudoeigenvalues of H,). 
(III) There exists a set of unit vectors { $1”) and a set of complex 
numbers { p(;‘)}, 1 I j s dim PO, such that 
Iii0 I( !Py - c#‘I( = 0, 
I/(( 
(‘4.6) 
lim E -p 
&-‘O 
H, - i)-’ - pv))‘k,“)(/ = 0, 1 ~j < dim PO. 
The numbers p:? can be chosen such that A(j) = (~9)) - ’ + i is real and Q2, 
are then given by the union of intervals of lenkth 0(&P) centered at Xv). 
Proofi The equivalence of (I) and (II) is proved in Ref. [4] (cf. also 
[5-S]). To prove (I) + (III) we introduce 
\kE(j) = P,( Q2,)&J’, p,L(,j) = (A$) - i) -l. (A-7) 
Then clearly 
lim ((\k,cJ’ - #)[I = 0 
e+O 
and 
s 2 * E-pIQe( ll*J+oo(l); A(p) = (p - i)-’ -(A(j) - i)-‘, 
since 
and 
sup (CL - i)-’ -(A(‘)- i)-l12 I 41Q2,12 f
PEQ, 
I%1 ,f,“(“‘). 
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Finally we indicate the proof of (III) + (I). Define 
fW(e) = g/2(1[(~~ _ j)-i _ p6’)l*~~~j11’2 
then 
(A.8) 
and 
where 
implying 
g(i) = AC,(j) E ( E -p(E), A(/) + f(j)(E)), 
11[1 - PJQ!j))]*ij)(( S conste-Pf!j)E_=Oo(l). (A-9) 
By strong resolvent convergence of H, to H, we get 
s-Flil$J)(l - Pa) = 0. 
Next we have 
(A.lO) 
ll(1 - Pc(n!“))+yII I II##) - qq +ll(1 - %(n!j)))~~j)Il,f,“(l) 
(A.ll) 
by assumption (III) and (A.9). Introducing 
G2, = ufi!” (A.12) 
and noting 1 - Z’,( P,) I 1 - P,(@j)) we get 
110 - ~e(~E))wll ~y41) 
and thus 
s-Flia(l - P,(P,))P, = 0. 
(A.lO) and (A.13) imply 
s-!@a[1 - P,(G,)]P,(J)(l - Pa) = 0 
s&J1 - P,(Q]P,(J)P, = 0 
(A.13) 
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and thus 
which by strong resolvent convergence of H, to Ho is equivalent to 
s-~lioPe(fiE) = PO. (A.14) 
Remark A.l. (a) We emphasize formulation (III) in Theorem A.1 since 
it avoids domain restrictions on ‘k, (j). In fact, since first-order relativistic 
corrections to the hydrogen atom in the case I= 0 involve a point interac- 
tion centered at the origin, we get @h,,,-,(c)) # ~@h,~,(c’)) for c # c’. 
On the contrary, the resolvents of h,, -1(c) are rather simple to describe. 
Incidentally, we note that a formulation in terms of resolvents (i.e., in terms 
of bounded operators) together with their strong convergence is certainly a 
natural one. 
(b) If the formal perturbation method is applicable up to order p one 
obtains the “canonical form” of an asymptotic basis { c#J:~)} of order p 
applying the construction of Riddell [4] (cf. also [5, 81). For generalizations 
of this approach if formal perturbation theory does not apply (e.g., in the 
case of h,,,(c) if 1 = 1) see Ref. [35]. 
Remark A.2. The common intuition behind pseudoeigenvalues of order 
p is that X(j) represents to pth order the real part of a pole of the resolvent 
of HE on the second sheet [lo, 111. If this pole lies near the real axis it causes 
a resonance with long lifetime which from a physical point of view may be 
indistinguishable from a bound state. In this case \k!j) are something like 
“almost stationary states” of HE. 
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